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ABSTRACT
Invariance under non-linear Wˆ∞ algebra is shown for the two-boson Liouville type of
model and its algebraic generalizations, the extended conformal Toda models. The realiza-
tion of the corresponding generators in terms of two boson currents within KP hierarchy is
presented.
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1. Introduction
Recently there has been an increasing interest in applications of W-infinity algebras in vari-
ous areas of theoretical physics, like strings, matrix models, Hall effect etc. The W-infinity
symmetry appears in two related forms, the linear W1+∞ algebra, which arises as a deforma-
tion of the area preserving symmetry and its non-linear deformation, so-called Wˆ∞ algebra.
These algebraic structures find their natural realization in the setting of the first and second
brackets of KP hierarchy [1, 2, 3]. A special realizations of KP hierarchy in terms of two
bosons have been proposed in literature [4, 5]. In this paper we work with realization of Wˆ∞
within this context, using two Bose KP currents as building blocks of the Wˆ∞ generators.
Despite of the increasing importance of W-infinity algebras the number of non-trivial
(interacting) field theoretical models displaying this type of symmetry remains very limited.
The aim of this paper is to provide non-trivial invariant actions under the non-linear Wˆ∞
symmetry.
One example of previously known model exhibiting W-infinity invariance is provided by
the conformal affine Toda (CAT) model [5]. The CAT model arises from the affine Toda
model by introducing two extra (ghost) fields, which makes it conformally invariant [6, 7].
These extra ghost fields bear responsibility for enlargement of symmetry.
In a similar manner one can extend the conformal symmetry of the Liouville and Toda
conformal actions by introducing ghost fields, which makes spin-2 algebra anomaly free in
such a way that a complete action becomes invariant under non-linear Wˆ∞ algebra. We call
such models the generalized Liouville and Toda conformal models. Extension of Liouville
model of this type has been considered in [8] where W-symmetry was discussed.
The main results of this paper are to be found in section 4, where we provide Lagrangians
of the generalized Liouville and Toda conformal models. There we establish the precise form
of Wˆ∞ field transformations under which these models are invariant.
2. Second Bracket Structure of KP Hierarchy
We will study in this section the second-bracket structure within the general KP setting with
the Lax operator:
L ≡ D +
∞∑
i=0
Wi(x, t)D
−1−i (1)
where D = ∂/∂x acts as an operator on quantities to the right of it. Let us first introduce
the second bracket structure as proposed by Gelfand and Dickey (see e.g. [9] for a review).
Define X =
∑
∞
i=0D
ixi and the pairing
〈L| X〉 ≡ Tr (LX) =
∫
res (LX) =
∫ ∞∑
k=0
Wkxk (2)
The Gelfand-Dickey second bracket structure is defined as
{ 〈L| X〉 , 〈L| Y 〉 }GD2 ≡ 〈X| L(Y L)− − (LY )−L〉 (3)
One obtains from (3) by direct calculation (see for instance [2]):
{Wn(x) , Wm(y)}
GD
2 = Ω
(1)
n,m (W (x)) δ(x− y) + {Wn(x) , Wm(y)}
GD
2 |nonlinear (4)
1
where the form Ω(r=1)n,m (W (x)) can be read from the general expression:
Ω(r)n,m (W (x)) ≡ −
n+r∑
k=0
(−1)k
(
n + r
k
)
Wn+m+r−k(x)D
k
x +
m+r∑
k=0
(
m+ r
k
)
DkxWn+m+r−k(x) (5)
This type of generalized forms (5) reproduces the linear part of several higher brackets. The
nonlinear part in (4) is given by
{Wn(x) , Wm(y)}
GD
2 |nonlinear =
m−1∑
i=0
[
m−i−1∑
k=1
(
m− i− 1
k
)
Wi(x)D
k
xWm+n−i−k−1(x)
−
n∑
k=1
(−1)k
(
n
k
)
Wn+i−k(x)D
k
xWm−i−1(x)
]
δ(x− y) (6)
−
m−1∑
i=0
n∑
k=0
m−i−1∑
l=1
(−1)k
(
n
k
)(
m− i− 1
l
)
Wn+i−k(x)D
k+l
x Wm−i−l−1(x)δ(x− y)
So far we had only defined Gelfand-Dickey bracket structures. In order to reproduce the
Hamiltonian structure corresponding to KP hierarchy flow equation one realizes that a fur-
ther structure is required. This structure can be obtained through the Dirac procedure and
is called a Drinfeld-Sokolov (DS) bracket. It is given by
{Wn(x) , Wm(y)}
DS = −
n−1∑
i=0
m−1∑
j=0
(−1)n−i
(
n
i
)(
m
j
)
Wi(x)D
n+m−i−j−1
x Wj(x) δ(x− y) (7)
In conclusion the second Hamiltonian structure compatible with Lenard relations is given
by [2]:
{Wn(x) , Wm(y)}2 = {Wn(x) , Wm(y)}
GD
2 + {Wn(x) , Wm(y)}
DS (8)
We will now discuss realization of the second KP bracket structure in terms of two related
two-boson KP systems.
3. Two-Boson KP Systems and their Miura Relations
Faa´ di Bruno Hierarchy. Consider truncated elements of KP hierarchy of the type LJ =
D − J + J¯D−1, where we have introduced two Bose currents (J¯ , J) [5]. It has been shown
that such two-boson (J¯ , J) model is a consistent restriction of the full KP hierarchy [10, 11].
A calculation of the Poisson bracket yields the first bracket structure of two-boson (J¯ , J)
system given by { J(x) , J¯(y) }1 = −δ
′(x− y) and zero otherwise.
One easily associates the two-boson KP hierarchy with so called Faa´ di Bruno polynomi-
als. The trick is to introduce the gauge transformation generated by Φ such that Φ′ = J :
L′J = e
−ΦLJe
Φ = D + J¯ (D + J)−1 = D +
∞∑
n=0
(−1)nJ¯Pn(J)D
−1−n (9)
where Pn(J) = (D+ J)
n · 1 are the Faa´ di Bruno polynomials. As proven in [11] such gauge
transformations as in (9) are symplectic and therefore we conclude that
Wn = (−1)
nJ¯Pn(J) (10)
2
satisfy for the first bracket the Poisson-bracket structure of the linear W1+∞ algebra type,
namely {Wn(x) , Wm(x) }1 = Ω
(0)
nm(W (x))δ(x− y) described by the form Ω
(0) given in (5) in
its general form.
It is possible to introduce a deformation parameter into the Faa´ di Bruno representation
of W1+∞ algebra by redefining Wn to Wn(h) = (−1)
nJ¯(hD + J)n · 1 and accordingly Ω(r)
[5]. The semiclassical limit is simply obtained by taking h → 0 in Wn(h) and yields the
generators of area preserving w1+∞ algebra.
The higher bracket structures have been investigated in [10, 5]. We write the second
bracket in the form:
{J¯(x) , J(y)}2 = J(x)δ
′(x− y)− hδ′′(x− y)
{J¯(x) , J¯(y)}2 = 2J¯(x)δ
′(x− y) + J¯ ′(x)δ(x− y) (11)
{J(x) , J(y)}2 = c δ
′(x− y)
Although Lenard relations require that the constants h and c are fixed to h = 1 and c = 2 we
keep them general in (11) in order to be able to interpret them as independent deformation
parameters. This will simplify our discussion in what follows. Among the Poisson bracket
structures only first and second are independent, the higher bracket can be given in terms
of the first two by means of the recurrence relations [5].
Second Bracket from Two-Boson KP System. We will now show how to generate the
second bracket structure from the representation given by (10). The algebra of J and J¯ will
be given by (11). Here we take h = 1. Letting again Φ be such that Φ′(x) = J(x) we derive
from (11):{
J¯(x) , exp (±Φ(y))
}
2
= ∓δ(x− y)∂ exp (±Φ(y))± δ′(x− y) exp (±Φ(y)) (12)
repeating similar calculation as in [5] we get for the linear part of {·, ·}2 the expected re-
sult {Wn(x) , Wm(y)}2|linear = Ω
(1)
nm(W (x)) δ(x − y). To calculate the nonlinear part of the
bracket we will use the exponential representation of Faa´ di Bruno polynomials Pn(J) =
exp(−Φ)∂n exp(Φ). We first observe that
{Φ(x) , Φ(y)}2 = −c ε(x− y) (13)
from which, the direct calculation yields
{Pn(x) , Pm(y)}2 = −c
[
n∑
l=0
m∑
p=0
(
n
l
)(
m
p
)
Pn−l(x)Pm−p(y)∂
l
x∂
p
y
− Pn(x)
m∑
l=0
(
m
l
)
Pm−l(y)∂
l
y − Pm(y)
n∑
l=0
(
n
l
)
Pn−l(x)∂
l
x
+ Pn(x)Pm(y)
]
ε(x− y) (14)
where we wrote for brevity Pn (J(x)) = Pn(x). In the final expression pure ε(x − y) terms
cancel out leaving only delta functions and their derivatives:
{Pn(x) , Pn(y)}2 = −c
[
n∑
l=1
m∑
p=1
(−1)p
(
n
l
)(
m
p
)
Pn−l(x)Pm−p(y)∂
l+p−1
x
]
δ(x− y) (15)
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We obtain therefore the complete second bracket for the generators in (10) as the sum of
linear and nonlinear terms (after a change of variables n− l = i, m− p = j in (15)):
{Wn(x) , Wm(y)}2 = Ω
(1)
nm (W (x)) δ(x− y) (16)
− c
[
n−1∑
i=0
m−1∑
j=0
(−1)n−i
(
n
i
)(
m
j
)
Wi(x)D
n+m−i−j−1
x Wj(x)
]
δ(x− y)
for n,m ≥ 0.
One recognizes in the second term on the right hand side of (16) only the DS structure
from (7) multiplied by c while the nonlinear part of the second Gelfand-Dickey bracket from
(4) appears to be missing. This rises the question whether we have an agreement with the
second Hamiltonian structure of (8) for our basis (10). The following identity
{Wn(x) , Wm(y)}
GD
2
∣∣∣∣
nonlinear
= {Wn(x) , Wm(y)}
DS (17)
valid for the generators Wn(x) = (−1)
n J¯(x)Pn(J(x)) shows that this is indeed the case (for
the proof see [5]).
As a consequence we are able to rewrite relation (16) for the special case of c = 2 as
{Wn(x) , Wm(y)}2 = {Wn(x) , Wm(y)}
GD
2 + {Wn(x) , Wm(y)}
DS (18)
where on the right hand side of (18) we had split nonlinear part of (16) equally between
{·, ·}GD2 |nonlinear and {·, ·}
DS.
Quadratic Two-Boson KP Hierarchy. Here we call quadratic two-boson KP hierarchy the
model based on the pseudo-differential operator [4]:
L = D + ¯ (D −  − ¯ )
−1  (19)
Let us discuss the Poisson bracket structure first. Among the Poisson bracket structures
only second and third are local. The non-vanishing bracket within the second structure is
given by
{  (x) , ¯ (y) }2 = δ
′(x− y) (20)
As shown in [12] the Hamiltonian structure corresponding to the Lax operator L in (19) is
invariant under the transformation g and its inverse g−1
g ( ) = ¯−
 ′

, g (¯ ) =  (21)
g−1 (¯ ) =  +
¯ ′
¯
, g−1 ( ) = ¯ (22)
Hence we conclude that the Lax operator given by e.g.
L = D +
(
+
¯ ′
¯
)(
D −  − ¯ −
¯ ′
¯
)−1
¯ (23)
4
leads to the same Hamiltonian functions as (19).
Gauge Equivalence between Faa´ di Bruno and Quadratic Two-Boson Hierarchies and Gen-
eralized Miura Maps. We apply on L from (19) the gauge transformation generated by
χ =
(
φ+ φ¯− ln 
)
with result:
L → exp(−χ)L exp(χ) = D +  + ¯ +  (
−1 )′ + ¯  D−1 = D − J + J¯D−1 (24)
where we have introduced
J = − − ¯ +
 ′

; J¯ = ¯  (25)
One can now verify explicitly that with the bracket structure given by (20) the variables
defined in (25) satisfy the second bracket structure (11) of Faa´ di Bruno hierarchy. Hence we
obtained a Miura transform for two-Bose hierarchies in form of (25), which generalizes the
usual Miura transformation between one-bose KdV and mKdV structures [12]. As a corollary
we also obtained in this way a short proof for the quadratic two-boson KP hierarchy system
realizing Wˆ∞.
With the Lax operator from (23) we find L = ¯
−1¯ L¯
−1¯ = D+(¯ + ¯ ′ ) (D −  − ¯ )−1.
The appropriate gauge transformation gives
L ∼ exp
(
−φ− φ¯
)
L exp
(
φ+ φ¯
)
= D +  + ¯ + (¯ + ¯ ′ )D−1 (26)
producing object in Faa´ di Bruno hierarchy with J = − − ¯ and J¯ = ¯  + ¯ ′ . Note, that
under g−1 from (22) these variables are transformed into J = − − ¯ +  ′

and J¯ = ¯ 
identical to (25).
We see that because of (21) and (22) there is an ambiguity in the possible form of
generalized Miura transformation and (25) can also appear in other forms. All of them are
connecting the Poisson bracket structure of Faa´ di Bruno hierarchy with the corresponding
Poisson bracket structure of the quadratic two-boson hierarchy.
4. Lagrangian Models and their W-Infinity Invariance
Given is a generalized Liouville Lagrangian:
L = ∂+φ−∂−φ− − ∂+φ+∂−φ+ + κe
2φ
− (27)
which differs from the one considered in [8] by sign in front of the second term. We shall take
x− to be “time” and x+ to be “space” variables. In this setting contribution to the Hamil-
tonian density comes entirely from the last term (exponential interaction term). Therefore
the classical Hamiltonian density is bounded no matter what signs are in front of the kinetic
terms. Lagrangian (27) leads to the following canonical (Dirac) bracket structure:
{φ±(x) , φ±(y)} = ∓
1
4
ε(x− y) (28)
5
which reproduces the second bracket (20) of the quadratic two-boson hierarchy when we set:
 = ∂+ (φ+ − φ−) ; ¯ = ∂+ (φ+ + φ−) (29)
Furthermore, in this representation we can find via the generalized Miura transformation
given below eq. (26) the elements J¯ , J of the Faa´ di Bruno hierarchy as
J¯ = ¯  + ¯ ′ =
[
(∂+φ+)
2 − (∂−φ−)
2
]
+
(
∂2+φ+ + ∂
2
+φ−
)
(30)
J =− − ¯ = −2 ∂+φ+ (31)
Recall now that J¯ and J are building blocks of the generators Wn = (−1)
nJ¯Pn(J) of Wˆ∞
algebra (8).
Proposition. The generalized Liouville Lagrangian (27) is invariant under Wˆ∞ symmetry
transformations:
δ(n)φ+=
{∫
ǫWn , φ+
}
=
n−1∑
k=0
(
n
k + 1
)
(−1)k+n∂k+
(
ǫJ¯Pn−k−1(J)
)
(32)
+ (−1)n
1
2
[ǫPn(J)J + ∂+ (ǫPn(J))] n = 0, 1, 2, . . .
δ(n)φ−=
{∫
ǫWn , φ−
}
= (−1)n+1
[
ǫPn(J)∂+φ− +
1
2
∂+ (ǫPn(J))
]
(33)
with ∂−ǫ = 0.
Proof. First note that the interaction term
∫
V =
∫
κeφ− is invariant independently of the
remaining kinetic terms in (27) as follows from (33):
δ(n)V = 2κ
(
δ(n)φ−
)
e2φ− = (−1)n+1 κ ∂+
[
ǫPn(J)e
2φ
−
]
(34)
The rest of the proof follows by inspection. It is in fact easy to check that combination of
two kinetic terms (but not single terms separately) in (27) is invariant. This requires only
one technical identity:
∂−Pn(J) = −2
n−1∑
k=0
(
n
k + 1
)(
∂k+1+ ∂−φ+
)
Pn−k−1(J) (35)
where we used that from (31) we can write the Faa´ di Bruno polynomials as Pn(J) =
exp(φ+)∂
n
+ exp(−φ+).
Since the symmetry transformations in (32) and (33) are generated by Wn’s from (10)
this establishes invariance of the generalized Liouville action (27) under Wˆ∞ algebra.
As an example of (33) and (32) let us take the case of n = 0 for which we find
δ(0)φ+=−ǫ ∂+φ+ +
1
2
∂+ǫ (36)
δ(0)φ−=−ǫ∂+φ− −
1
2
∂+ǫ (37)
We note, that exp (2φ±) transform according to (36) and (37) as conformal primary fields of
weights ∓1, respectively. We also note, that δ(n) transformation of φ− can be viewed as a
conformal transformation with the field dependent parameter, namely ǫ→ ǫPn(J).
6
We now generalize the previous construction to the setting of Toda theory associated to
a finite Lie algebra G:
L =
1
2
r∑
a,b
ηab
(
∂+φ
a
−
∂−φ
b
−
− ∂+φ
a
+∂−φ
b
+
)
+ κ
r∑
a
2
α2a
eKabφ
b
− (38)
where Kab = 2αa · αb/α
2
b is the Cartan matrix of G, furthermore η
ab =
α2
b
2
(K−1)ab, while αa
denote the simple roots of G. The corresponding brackets are
{φa
±
(x) , φb
±
(y) } = ∓
1
2
ε(x− y) ηab (39)
Next, we construct two-currents J¯ , J :
J¯ =
1
2
r∑
a,b
2
α2a
Kab
[
∂+φ
a
+∂+φ
b
+ − ∂+φ
a
−
∂+φ
b
−
]
+
r∑
a
2
α2a
[
∂2+φ
a
+ + ∂
2
+φ
a
−
]
(40)
J =
r∑
a
Γa∂+φ
a
+ (41)
where we introduced constants Γa to be determined later. Construction of J¯ is reminiscent
of that of E-M tensor and signs are chosen in such a way that the corresponding Virasoro
algebra is centerless. The currents J¯ , J enter the algebra (11) with constants
h = −
r∑
a,b
2
α2a
Γb η
ab = −
r∑
a
Γa r
a ; c =
r∑
a,b
Γa Γb η
ab (42)
where ra =
∑
b (K
−1)ab are the conformal weights of exp(−φ
a
−
) [13]. We can choose Γa =
−Kma, for fixed but arbitrary m, corresponding to a long simple root αm with α
2
m = 2 of the
corresponding Lie algebra G. In this case, recalling that ηab = (α2b/2) (K
−1)ab, it follows that
h = 1 (with h coinciding with conformal weights of vertices exp
(
Kabφ
b
−
)
). Furthermore, it
also follows that c = Kmm(α
2
m/2) = 2. Hence for an arbitrary Lie algebra G, currents J¯ , J
will satisfy (11) with h = 1 and c = 2 leading to the Wˆ∞ algebra of the form (18).
For symmetry transformations we find in this case:
δ(n)φc+=
{∫
ǫWn , φ
c
+
}
=
n−1∑
k=0
(−1)k+n+1
(
n
k + 1
)
r∑
b
Γb η
bc ∂k+
(
ǫJ¯Pn−k−1(J)
)
(43)
+ (−1)n+1ǫ Pn(J)∂+φ
c
+ + (−1)
n
r∑
a
2
α2a
ηac ∂+ (ǫPn(J))
δ(n)φc
−
=
{∫
ǫWn , φ−
}
= (−1)n+1
(
ǫ Pn(J)∂+φ
c
−
+
r∑
a
2
α2a
ηac ∂+ (ǫPn(J))
)
(44)
where generators Wn have the same functional form as in (10) in terms of currents J¯ , J from
(40) and (41). As before the vertex part is invariant due to:
δ(n)
[
r∑
a
2
α2a
eKabφ
b
−
]
= (−1)n+1
r∑
a
2
α2a
[
ǫPn(J)(∂+e
Kabφ
b
−) + (∂+ǫPn(J))e
Kabφ
b
−
]
(45)
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being obviously a total derivative. Proof that the remaining free part of Langrangian is
invariant is a simple generalization of the proof given above for invariance of the free part of
the generalized Liouville action with the technical identity (35) being now replaced by
∂−Pn(J) =
r∑
a
Γa
n−1∑
k=0
(
n
k + 1
)(
∂k+1+ ∂−φ
a
+
)
Pn−k−1(J) (46)
5. Discussion
Several remarks are in order.
Since the symmetry is non-linear the knowledge of exact functional form of the generators
is required to determine all transformations δ(n)φ±. This knowledge seems necessary even
if one tries to find higher transformations of φ± just by commuting the lower ones (the
argument usually used in the case of linear symmetry) due to non-linearity.
With the minus sign in front of the second term in (27) the field φ+ appears to be a ghost
field introduced to enhance the symmetry structure of the original (conformal) Liouville
model. Any attempt to change this minus sign to a plus sign will either render the algebra
of J¯ anomalous (breaking the above symmetry structure) or will result in introduction of
the imaginary constants in the definition of the symmetry transformations.
The models defined by (27) and (38) are integrable. Recall namely the definition of
infinitely many charges in involutions Hn(J¯ , J) associated with two-boson Faa´ di Bruno hi-
erarchy (see e.g. [12]). They all commute with the vertex Hamiltonians of (27) and (38) and
are therefore conserved. This result follows from the bracket relations:
{ J(x) , V (y) } = 0 ; { J¯(x) , V (y) } = V (x)δ′(x− y) (47)
which hold both for the vertex V (y) = e2φ−(y) of the generalized Liouville model as well as
for the vertices V (y) = κ
∑r
a
2
α2a
eKabφ
b
−
(y) of the generalized Toda model. Hence both models
are integrable and the underlying structure of the two-boson KP hierarchy allows for explicit
construction of charges.
We have seen that the symmetry transformations: g( ) = ¯ − (ln  )′ , g(¯ ) =  as well
as its inverse g−1 keep all Hamiltonians invariant. By acting with g and g−1 and their
powers one obtains the family of vertices:  exp(−2φ−), ¯ exp(−2φ−), . . . etc. They will all
commute with charges Hn. Moreover it is possible to associate to each of these vertices a
Lagrangian density invariant under Wˆ∞ but with kinetic terms containing φ± transformed
by the corresponding g transformations. One obtains in this process instead of the single
Lagrangian (27) a string of Liouville like actions, which reflect existence of the symmetry g
in the underlying two-boson KP hierarchy. For instance acting once with g on Lagrangian
in (27) leads to:
L = ∂+φ−∂−φ−−∂+φ+∂−φ++
∂+[∂+ (φ+ − φ−) ∂− (φ+ − φ−)]
2∂+ (φ+ − φ−)
+κ ∂+ (φ+ − φ−) e
−2φ
− (48)
which also is Wˆ∞ invariant with J¯ and J realized as in (25).
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As it was shown in [12] taking the Dirac constraint J = 0 reduces the two-boson hierar-
chies to KdV and mKdV systems. Correspondingly removing φ+ in (27) casts the Lagrangian
to the form of the usual Liouville model. While the vertex is still commuting with Hamil-
tonians of the reduced systems (KdV) the corresponding symmetry structure shrinks to the
conformal symmetry generated by the reduced current J¯ = − 2 +  ′.
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